Higher syzygies of ruled varieties over a curve  by Park, Euisung
Journal of Algebra 296 (2006) 267–284
www.elsevier.com/locate/jalgebra
Higher syzygies of ruled varieties over a curve ✩
Euisung Park
School of Mathematics, Korea Institute for Advanced Study, 207-43 Cheongryangri-dong, Dongdaemun-gu,
Seoul 130-722, Republic of Korea
Received 3 January 2005
Available online 30 September 2005
Communicated by Paul Roberts
Abstract
Let X be a ruled variety over a smooth projective curve C with the projection morphism
π :X → C. In this paper we study higher syzygies of very ample line bundles on X.
Each embedding of X is fiberwise a Veronese embedding. And our first result is to clarify the
relation between property Np of very ample line bundles on X and that of the Veronese embedding.
More precisely, letting H be the tautological line bundle of X, assume that the a-uple Veronese
embedding of a fiber satisfies property Np . We prove that line bundles on X of the form aH + π∗B
satisfy property Np if deg(B) is sufficiently large (Theorem 1.1). Also we get some partial answer
for the converse (Corollary 3.7). From this observation, we improve Butler’s result in [D.C. Butler,
Normal generation of vector bundles over a curve, J. Differential Geom. 39 (1994) 1–34] for ruled
scrolls, ruled surfaces and Veronese surface fibrations.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
Let L be a very ample line bundle on a smooth projective variety X. For the embedding
ϕL :X ↪→ PH 0(X,L)
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been studied by several authors. For a precise statement, we recall Green–Lazarsfeld’s
property Np [5,6]. Let S be the homogeneous coordinate ring of PH 0(X,L). For the
graded S-module E =⊕∈Z H 0(X,L), let
· · · → Li → ·· · → L1 → L0 → E → 0
be the minimal free resolution where Li , as a free graded S-module, can be written as
Li =
⊕
j
Sβi,j (−i − j).
For an integer p  0, L is said to satisfy property Np if βi,j = 0 for 0 i  p and j  2.
Equivalently, property Np holds for X ↪→ PH 0(X,L) if E admits a minimal free resolu-
tion of the form
· · · → Sβp,1(−p − 1) → ·· · → Sβ2,1(−3) → Sβ1,1(−2) → S → E → 0.
Therefore L satisfies property N0 if and only if ϕL(X) is projectively normal; L satisfies
property N1 if and only if L satisfies property N0 and the homogeneous ideal is generated
by quadrics; L satisfies property N2 if and only if L satisfies property N1 and the relations
among the quadrics are generated by the linear relations and so on. The first effective result
in this field is M. Green’s theorem for curves. In [4], he proved that when C is a smooth
curve of genus g and degL 2g + 1 +p, then (C,L) satisfies property Np . Then Shigeru
Mukai suggested the form of the corresponding statement for higher-dimensional varieties.
He observed that one could view Green’s theorem as asserting that if D is an ample bun-
dle on C, then property Np holds for KC + (p + 3)D. This leads him to conjecture that
for a smooth projective variety X of dimension n and an ample line bundle A ∈ PicX,
KX + (n + 2 + p)A satisfies property Np . One should mention that the conjecture is al-
ready known for A very ample [3], while for A only ample even the case p = 0 is wide
open (very ampleness of that divisor is Fujita’s conjecture). Nowadays his conjecture is
a popular guiding principle for studying higher syzygies of arbitrary varieties and many
related research have been developed [1,3,7–9,12,13].
In this paper we will be concerned with the case of ruled varieties over a curve. More
precisely, we refine results in [1]. We work throughout over an algebraically closed field of
characteristic zero. We use the following notations:
• C: smooth curve of genus g,
• E : vector bundle of rank n + 1 over C,
• X = PC(E): the associated projective space bundle,
• π :X → C: the projection morphism,
• H : the tautological line bundle OPC(E)(1).
Every line bundle on X is written by aH + π∗B for some a ∈ Z and B ∈ PicC. Also if
L = aH + π∗B is a very ample line bundle, then the embedding X ↪→ PH 0(X,L) is a
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between property Np of a-uple Veronese embedding and that of L.
Theorem 1.1. Assume that (Pn,OPn(a)) satisfies property Np for some p  0. Then there
is an integer s = s(a,p) such that aH + π∗B satisfies property Np if deg(B) s.
That is, for p  0 such that (Pn,OPn(a)) satisfies property Np , L = aH +π∗B satisfies
property Np if the vector bundle π∗L = SaE ⊗ B is sufficiently positive. As a converse
of this theorem, it may be expected that if (Pn,OPn(a)) fails to satisfy property Np , then
aH +π∗B fails to satisfy property Np for all B ∈ PicC. Indeed we prove a partial converse
in Corollary 3.7 by using Eisenbud–Green–Hulek–Popescu’s recent work in [2].
Remark 1.1. For the d-uple embedding of projective spaces, the followings are known:
(1) (Pn,OPn(d)) satisfies property Nd .
(2) (Pn,OPn(d)) satisfies property Np for all p  0 if and only if n = 1 or d = 1 or
n = d = 2.
(3) For n 3, (Pn,OPn(2)) satisfies property Np if and only if p  5.
(4) For d  3, (P2,OPn(d)) satisfies property Np if and only if p  3d − 3.
(5) (P3,OP3(3)) satisfies property Np if and only if p  6.
(6) (Pn,OPn(3)) satisfies property N4.
(7) For n 2 and d  3, (Pn,OPn(d)) fails to satisfy property N3d−2.
For details, see [11,15]. Also G. Ottaviani and R. Paoletti conjectured that for n 2 and
d  3, (Pn,OPn(d)) satisfies property Np if and only if p  3d − 3 [11].
Butler [1] obtained the following effective result about property Np of very ample line
bundles on X. The results are stated in terms of the minimal slope µ−(π∗L). The minimal
slope is a natural invariant to measure the positivity of line bundles on X. See Section 2.2
for the definition and elementary properties of the minimal slope of vector bundles on a
curve.
Theorem 1.2 (Butler [1]). Let L = aH + π∗B (a  1) be a line bundle on X.
(1) If µ−(π∗L) 2g + 1, then L is normally generated.
(2) For an integer p such that 1 p  a, assume that µ−(π∗L) 2g + 2p. Then (X,L)
satisfies property Np .
This work is closely connected with solving Mukai’s conjecture for the case of ruled
varieties over a curve. From Theorem 1.1 and Remark 1.1, one may expect that if a = 1
or n = 1 or n = 2 and a = 2, then the condition “1  p  a” in Butler’s theorem can be
removed. And our main results are the followings:
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with µ−(π∗L) > 2g,
L satisfies property Np if µ−(π∗L) + 2g
2 − 2g
µ−(π∗L)
> 3g − 1 + p.
Theorem 1.4 (Ruled surfaces). Let X be a ruled surface, i.e., E is a vector bundle of rank 2.
Fix an integer p  0. For a line bundle L = aH +π∗B such that a  1 and µ−(π∗L) > 2g,
L satisfies property Np if µ−(π∗L) + 2g
2 − 2g
µ−(π∗L)
> 3g − 1 + p.
Theorem 1.5 (Veronese surface fibrations). Let X be a ruled threefold, i.e., E is a vec-
tor bundle of rank 3. Fix an integer p  0. For a line bundle L = 2H + π∗B satisfying
µ−(π∗L) > 2g,
L satisfies property Np if µ−(π∗L) + 2g
2 − 2g
µ−(π∗L)
> 3g − 1 + p.
Remark 1.2. When g = 1, the inequality
µ−(π∗L) + 2g
2 − 2g
µ−(π∗L)
> 3g − 1 + p
is equal to µ−(π∗L) > 2 + p. For an example, let X be an elliptic ruled surface and let
L = aH + π∗B ∈ PicX be such that a  1 and µ−(π∗L) > 2 + p, then (X,L) satisfies
property Np . On the other hand one can construct examples such that L fails to satisfy
property Np if µ−(π∗L) = 2+p. That is, there are examples such that the above inequality
cannot be refined. For details, see Examples 4.1.1 and 4.4.1. Also it is easily checked that
the above inequality holds if µ−(π∗L) 2g + 2p.
By work of Green [4], property Np of a very ample line bundle L is governed by several
vanishings of cohomology groups on X. In our case, there is the projection morphism
π :X → C and hence one can reduce the desired vanishings to vanishings of cohomology
groups on C. But the reduction processor is not always available. And the key idea of the
proof of Theorem 1.1 is that the reduction is possible if the a-uple Veronese embedding of
a fiber satisfies property Np . When the problem is reduced to vanishings of cohomology
groups on C, we consider the minimal slopes of the corresponding vector bundles on C.
Then we obtain the inequality about the minimal slope of p∗(L) in Theorems 1.3–1.5.
This is based on Butler’s approach in [1]. For arbitrary cases, Butler’s Theorem 1.2(2) is
improved in the following Theorem 1.6. Also as a byproduct, it is proved that Mukai’s
conjecture holds for the ruled variety X if rank(E)  g and µ−(E) is an integer. See the
following Corollary 1.7 and Remark 1.3.
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µ−(π∗L) > 2g. For an integer p such that 0 p  a − 1,
L satisfies property Np if µ−(π∗L) + 2g
2 − 2g
µ−(π∗L)
> 3g − 1 + p.
Corollary 1.7. For a vector bundle E of rank n on C, put µ−(E) = ν
τ
where ν ∈ Z, τ ∈ N
and (ν, τ ) = 1. Let X = PC(E) be the associated projective space bundle and let L =
KX + A1 + · · · + Aq where Ai ∈ PicX is ample and q  n + 1. Then
L satisfies property Np if q > τ(g + 1 + p).
Remark 1.3. If µ−(E) is an integer (e.g., E is totally decomposable), then Corollary 1.7
says that KX + A1 + · · · + Aq satisfies property Np if q  max{n + 1, g + 2 + p}. In
particular, Mukai’s conjecture is true for X = PC(E) if n g.
Example 1.1. Let E be a vector bundle of rank n on P1 and let X = PP1(E). Since every
vector bundle on P1 is totally decomposable, KX +A1 + · · · +Aq satisfies property Np if
q max{n + 1,2 + p}. Therefore Mukai’s conjecture holds for rational ruled varieties.
The organization of this paper is as follows. In Section 2, we review some necessary
elementary facts about vector bundles over a curve, regularity over ruled varieties over a
variety of arbitrary dimension, Bott formula, etc. In Section 3, we explain that the relation
between higher syzygies of very ample line bundles on ruled varieties and those of the
Veronese embedding as fibres of π . Then we prove Theorem 1.1 and Corollary 3.7. Finally,
Section 4 is devoted to prove some effective results about property Np of very ample line
bundles on ruled varieties over a curve.
2. Notation and preliminaries
2.1. Notations
Throughout this paper the following is assumed.
(1) All varieties are defined over an algebraically closed field of characteristic zero.
(2) For a finite-dimensional C-vector space V , P(V ) is the projective space of one-
dimensional quotients of V .
(3) When a projective variety X is embedded in a projective space Pr by a very ample line
bundle L on it, we may write OX(1) instead of L so long as no confusion arises.
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Let C be a smooth projective curve of genus g. For a vector bundle F on C, the slope
µ(F) is defined by deg(F)/ rank(F). Also the maximal/minimal slopes in the Harder–
Narasimhan filtration of the vector bundle F are defined as follows:
µ+(F) = max{µ(S) | 0 → S →F} and µ−(F) = min{µ(Q) |F → Q → 0}.
These notions satisfy the following properties.
Lemma 2.1. For vector bundles E , F and G on C,
(1) µ+(E ⊗F) = µ+(E) + µ+(F).
(2) µ−(E ⊗F) = µ−(E) + µ−(F).
(3) µ+(SE) = µ+(E).
(4) µ−(SE) = µ−(E).
(5) µ−(∧E) µ−(E).
(6) If µ−(E) > 2g − 2, then h1(C,E) = 0.
(7) If µ−(E) > 2g − 1, then E is globally generated.
(8) If µ−(E) > 2g, then OP(E)(1) is very ample.
(9) µ−(E∨) = µ+(E) where E∨ is the dual bundle of E .
(10) If 0 → E →F → G→ 0 is an exact sequence, then
µ−(G) µ−(F)min{µ−(E),µ−(G)}.
Proof. See Sections 1 and 2 in [1]. 
Therefore if µ−(E) > 2g − 1, then the evaluation map determines the short exact se-
quence
0 → ME → H 0(C,E) ⊗OC → E → 0.
And Butler obtained the following very useful result:
Theorem 2.2 (Butler [1]). For a vector bundle E over C, if µ−(E) 2g, then ME satisfies
µ−(ME )− µ
−(E)
µ−(E) − g .
Finally we recall Miyaoka’s criterion for ampleness of line bundles on ruled varieties
over a curve.
Lemma 2.3 (Miyaoka). Let E be a vector bundle on C, and let X = PC(E) with
H = OPC(E)(1). Then aH + π∗B ∈ PicX is ample if and only if a  1 and aµ−(E) +
deg(B) > 0.
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2.3. Regularity of vector bundles over ruled varieties
We recall some basic facts about the regularity of vector bundles over ruled varieties. Let
E be a vector bundle of rank n + 1 over a smooth projective variety Y and let X = PY (E)
with the projection map π :X → Y and tautological line bundle H .
Definition 2.1. For a vector bundle F over X, we say that F is f π -regular when
Riπ∗
(F(f − i))= 0 for every i  1.
Here F(f − i) = F ⊗ Hf−i . Note that a line bundle of the form aH + π∗B is (−a)
π -regular. We present some basic facts about the π -regularity.
Lemma 2.4. Let F and G be two vector bundles on X with f and g π -regularity, respec-
tively.
(1) F ⊗ G is (f + g) π -regular.
(2) If f  1, then
Hi(X,F) ∼= Hi(Y,π∗F) for all i  0.
(3) If f  0 and F˜ = π∗(π∗F), there is an exact sequence of vector bundles on X
0 →KF˜ → F˜ →F → 0,
where KF˜ is 1 π -regular.
(4) If f  0 and g  0, then there is a surjective map
π∗F ⊗ π∗G → π∗(F ⊗ G) → 0.
In particular, if Y is a curve
µ−
(
π∗(F ⊗ G)
)
 µ−(π∗F) + µ−(π∗G).
(5) If F is f π -regular, then F is also (f + k) π -regular for all k  1.
Proof. See Lemma 3.2 in [1]. 
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Let Y be a projective variety and let E be a vector bundle of rank n+ 1. Let X = PY (E)
with the tautological line bundle OX(1) and projection morphism π :X → Y . Then there
is a natural exact sequence
0 → ΩX/Y (1) → π∗E →OX(1) → 0,
where ΩX/Y denotes the relative canonical sheaf which is clearly of rank n. Denote
∧jΩX/Y by ΩjX/Y .
Proposition 2.5.
(1) For 1 j  n and k > j ,
π∗ΩjX/Y (k) is a vector bundle on Y of rank
(
k + n − j
k
)(
k − 1
j
)
.
(2) For i  1, 1 j  n and k  1,
Riπ∗ΩjX/Y (k) = 0.
(3) Let F be a vector bundle on Y . Then
Hi
(
X,Ω
j
X/Y (k) ⊗ π∗F
)∼= Hi(Y,π∗ΩjX/Y (k) ⊗F)
for i  1, 1 j  n and k  1.
Proof. The proof is a standard exercise. This can be proved by the projection formula and
the Bott formula. 
2.5. Criteria for property Np
In this subsection we recall well-known cohomological criteria for property Np . Let X
be a smooth projective variety and let L ∈ PicX be a very ample line bundle. Consider the
short exact sequence
0 → ML → H 0(X,L) ⊗OX → L → 0,
where H 0(X,L) ⊗OX → L is the natural surjective evaluation map.
Lemma 2.6. (X,L) satisfies property Np if
H 1
(
X,∧iML ⊗ Lj
)= 0 for all 1 i  p + 1 and j  1.
If H 1(X,Lj ) = 0 for all j  1, then the converse also holds.
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3. Veronese embedding and property Np of ruled varieties
Let C be a smooth projective curve of genus g and let E be a vector bundle of rank n+1
over C. For the associated projective space bundle X = PC(E), let H =OPC(E)(1) be the
tautological line bundle and π :X → C the projection morphism. For each a  1 let Ga be
the vector bundle on X defined by the short exact sequence
0 → Ga → π∗SaE → aH → 0.
In particular, G1 = ΩX/C ⊗ H . Note that for each P ∈ C, the restriction of the above
sequence to π−1(P ) ∼= Pn is just equal to the short exact sequence
0 → Ma → H 0
(
P
n,OPn(a)
)⊗OPn →OPn(a) → 0.
Before proving our main theorems, we need some lemmas.
Lemma 3.1. µ−(π∗(ΩiX/C ⊗ Hi+j )) (i + j)µ−(E) for every j  1.
Proof. From the short exact sequence 0 → ΩX/C ⊗ H → π∗E → H → 0, we have
0 → Ωi+1X/C ⊗ Hi+j → ∧i+1π∗E ⊗ Hj−1 → ΩiX/C ⊗ Hi+j → 0
for every j  1. Then by Proposition 2.5, R1π∗(Ωi+1X/C ⊗ Hi+j ) = 0 and hence we get the
short exact sequence
0 → π∗
(
Ωi+1X/C ⊗ Hi+j
)→ ∧i+1E ⊗ Sj−1E → π∗(ΩiX/C ⊗ Hi+j )→ 0.
Now by applying Lemma 2.1(4) and (10),
µ−
(
π∗
(
ΩiX/C ⊗ Hi+j
))
 µ−
(∧i+1E ⊗ Sj−1E) (i + j)µ−(E)
which completes the proof. 
Lemma 3.2. If j  i, then µ−(π∗(T iGa ⊗ Hj)) (ai + j)µ−(E).
Proof. Ga is 1 π -regular by Lemma 2.4(3). By applying Lemma 2.4(4),
µ−
(
π∗
(
T iGa ⊗ Hj
))= µ−(π∗(T i(Ga ⊗ H) ⊗ Hj−i))
 iµ−
(
π∗(Ga ⊗ H)
)+ (j − i)µ−(E).
Note that from two exact sequences
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0 → G1 ⊗ Ha → π∗π∗(H) ⊗ Ha → Ha+1 → 0,
π∗(Ga ⊗ H) = π∗(G1 ⊗ Ha) because they are both the kernel of the map
E ⊗ Sa(E) → Sa+1E → 0.
Also Lemma 3.1 guarantees that µ−(π∗G1 ⊗ Ha) (a + 1)µ−(E). Therefore
µ−
(
π∗
(
T iGa ⊗ Hj
))
 i(a + 1)µ−(E) + (j − i)µ−(E) = (ai + j)µ−(E)
which completes the proof. 
Lemma 3.3. Assume that (Pn,OPn(a)) satisfies property Np for some p  0. For a very
ample line bundle L = aH + π∗B ∈ PicX, put F = π∗L = Sa(E) ⊗ B and consider the
short exact sequence
0 → MF → H 0(C,F) ⊗OC →F → 0.
Then (X,L) satisfies property Np if
H 1
(
C,∧sMF ⊗ Bt+j ⊗ π∗
(∧tGa ⊗ Haj ))= 0
for s, t  0 with 0 s + t  p + 1 and all j  1.
Proof. By Lemma 3.3(1), (X,L) satisfies property Np if H 1(X,∧iML ⊗ Lj) = 0 for all
1 i  p + 1 and j  1. Now consider the following commutative diagram:
0
0 Ga ⊗ π∗B
0 π∗MF H 0(C,F) ⊗OX π∗F 0
0 ML H 0(X,L) ⊗OX L 0
Ga ⊗ π∗B 0
0
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H 1
(
X,π ∗ (∧sMF ⊗ Bt+j )⊗ ∧tGa ⊗ Haj )= 0
for s, t  0 with s + t = i. Since we assume that (Pn,OPn(a)) satisfies property Np ,
Hk
(
P
n,∧iMa ⊗OPn(aj)
)= 0 for 1 i  p + 1 and all j, k  1.
Thus
Rkπ∗
(∧iGa ⊗ Haj )= 0 for 1 i  p + 1 and all j, k  1.
Therefore the projection formula guarantees that
H 1
(
X,π ∗ (∧sMF ⊗ Bt+j )⊗ ∧tGa ⊗ Haj )
∼= H 1(C,∧sMF ⊗ Bt+j ⊗ π∗(∧tGa ⊗ Haj ))
which completes the proof. 
Lemma 3.4. For L = aH + π∗B ∈ PicX, assume that µ−(π∗L) > 2g. Then
(1) L is very ample.
(2) H 1(X,Lj ) = 0 for all j  1.
Proof. (1) When a = 1, see Lemma 2.1(8). When a  2, consider the vector bundle F =
π∗L. Then X ⊂ PC(F) is given by a fiberwise a-uple map and
OPC(F)(1)|X = L.
Since OPC(F)(1) is very ample, so is L.
(2) See Lemma 2.1(6). 
Proof of Theorem 1.1. Without loss of generality we may assume that µ−(E) 0. Since
µ−(π∗L) = aµ−(E)+deg(B), we may assume that µ−(π∗L) > 2g. Thus L is very ample
and H 1(X,Lj ) = 0 for all j  1 by Lemma 3.4. By Lemma 3.3, we need to show that
H 1
(
C,∧sMF ⊗ Bt+j ⊗ π∗
(∧tGa ⊗ Haj ))= 0
for 1 s + t  p + 1 and all j  1. By Lemma 2.1(2) and (5), we have
µ−
(∧sMF ⊗ Bt+j ⊗ π∗(∧tGa ⊗ Haj ))
 sµ−(MF ) + (t + j)deg(B) + µ−
(
π∗
(∧tGa ⊗ Haj ))
 deg(B) + (p + 1)µ−(MF ) + µ−
((
π∗ ∧t Ga ⊗ Haj
))
 deg(B) − 2(p + 1) + µ−(π∗(∧tGa ⊗ Haj ))
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deg(B) − 2(p + 1) + µ−(π∗(∧tGa ⊗ Haj ))> 2g − 2.
Since ∧tGa is a direct summand of T tGa , µ−(π∗(∧tGa ⊗ Haj )) µ−(π∗(T tGa ⊗ Haj )).
First assume that aj  p + 1. Then by Lemma 3.2 we have
deg(B) − 2(p + 1) + µ−(π∗(∧tGa ⊗ Haj )) deg(B) − 2(p + 1) + a(t + j)µ−(E)
 deg(B) − 2(p + 1)
since we assume that µ−(E) 0. Also for aj < p + 1, the integer
c = min{µ−(π∗(∧tGa ⊗ Haj )) | 1 aj, t  p + 1}
is well defined and hence there exists an integer s(a,p) such that (X,L) satisfies property
Np if deg(B) s(a,p). 
From the proof of Theorem 1.1, we have the following:
Corollary 3.5. Let L = aH + π∗B ∈ PicX be such that a  1 and µ−(π∗L) > 2g and
assume that (Pn,OPn(a)) satisfies property Np for some p  0. Then (X,L) satisfies prop-
erty Np if for 0 t  p + 1 and all j  1,
deg(B) + (p + 1)µ−(MF ) + µ−
(
π∗
(∧tGa ⊗ Haj ))> 2g − 2.
Now we consider the converse of Theorem 1.1. One may guess that if (Pn,OPn(a)) fails
to satisfy property Np then (X,aH +π∗B) also fails to satisfy property Np no matter how
large deg(B) is. Note that this is true for C × Pn (i.e., E =⊕n+1OC) by Elena Rubei’s
result [14]. Recently D. Eisenbud, M. Green, K. Hulek and S. Popescu prove the following:
Theorem 3.6 (Eisenbud et al. [2, Theorem 1.1]). For a projective variety X and a very
ample line bundle L ∈ PicX, if X ⊂ PH 0(X,L) admits a (p + 2)-secant p-plane, i.e.,
there exists a linear subspace Λ ⊂ PH 0(X,L) of dimension  p such that X ∩ Λ is finite
and length (X ∩ Λ) p + 2, then (X,L) fails to satisfy property Np .
By applying this result to Veronese embedding, they reproved that
(i) if n  3, then (Pn,OPn(2)) fails to satisfy property N6 since it admits a 8-secant
6-plane, and
(ii) if n 2 and a  3, then (Pn,OPn(a)) fails to satisfy property N3a−2 since it admits a
3a-secant (3a − 2)-plane.
For details, see [2, Proposition 3.2]. This result enables us to prove the following:
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assume that OPC(F)(1) is also very ample. Then
(1) If n 3 and a = 2, then L fails to satisfy property N6.
(2) If n 2 and a  3, then L fails to satisfy property N3a−2.
Proof. The assertion comes immediately from Theorem 3.6 since aH + π∗B defines a
fiberwise a-uple Veronese embedding. Indeed each fibre of π admits a multisecant linear
space as described above. 
4. Property Np of ruled varieties over a curve
This section is devoted to prove Theorems 1.3–1.6. Recall that (Pn,OPn(a)) satisfies
property Np for all p  0 if and only if a = 1 or n = 1 and a  1 or n = a = 2. For these
three cases, Theorem 1.1 implies that if p  0 is a fixed integer, then (X,aH + π∗B)
satisfies property Np for all B ∈ PicC having sufficiently large degree. Also if n 3 and
a = 2 or n 2 and a  3, then (Pn,OPn(a)) satisfies property Np for 0 p  a − 1.
4.1. Ruled scrolls
In this subsection, we consider the case a = 1.
Proof of Theorem 1.3. By Corollary 3.5 we need to show that
deg(B) + (p + 1)µ−(MF ) + µ−
(
π∗
(∧tG1 ⊗ Hj ))> 2g − 2
for 0 t  p + 1 and all j  1. Also µ−(π∗(∧tG1 ⊗ Hj)) µ−(E) by Lemma 3.1 since
we assume that µ−(E) 0. Therefore the above inequality holds if
µ−(E) + deg(B) − (p + 1) µ
−(π∗L)
µ−(π∗L) − g = µ
−(π∗L) − (p + 1) µ
−(π∗L)
µ−(π∗L) − g > 2g − 2
by Theorem 2.2. It is easily checked that this inequality is equivalent to our assumption
on p. 
Corollary 4.1. Let L = H + π∗B ∈ PicX be such that deg(B) = b.
(1) When g = 1, L satisfies property Np if b + µ−(E) > 2 + p.
(2) When g  2, L satisfies property Np if b + µ−(E) 3g − 1 + p.
(3) When g = 2, L satisfies property Np if b + µ−(E) 5 + p.
(4) When g = 3 and 0 p  4, L satisfies property Np if b + µ−(E) 7 + p.
(5) When g = 4 and 0 p  2, L satisfies property Np if b + µ−(E) 9 + p.
(6) When g = 5 and 0 p  2, L satisfies property Np if b + µ−(E) 11 + p.
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if b + µ−(E) 2g + 2.
Proof. (1) The inequality in Theorem 1.3 is equivalent to ν > 2 + p.
(2) Assume that g  2 and put ν = µ−(π∗L) = b + µ−(E). Then the inequality in
Theorem 1.3 is equivalent to
ν2 − (3g − 1 + p)ν + 2g2 − 2g > 0.
Clearly Fg,p(x) := x2 − (3g − 1 + p)x + 2g(g − 1) strictly increases for x > 3g−1+p2 .
Since Fg,p(3g − 1 + p) = 2g(g − 1) > 0,
Fg,p(x) > 0 for all x  3g − 1 + p
which completes the proof.
(3) This follows immediately from (2).
(4)–(7) For the fixed p in the stated range, one can easily check that Fg,p(x) strictly
increases for x  2g + 1 + p and Fg,p(2g + 1 + p) > 0. 
Example 4.1.1. For line bundles A1, . . . ,An ∈ PicC of degrees a1, . . . , an, assume that
0 a1  a2  · · · an and let
E =OC ⊕ A1 ⊕ · · · ⊕ An.
Thus µ−(E) = an. Put X = PC(E). Thus L = H + π∗B is very ample if b + an  2g + 1
where b = deg(B). For the section Cn determined by the surjective homomorphism
E → An → 0,
the restriction of L to Cn is equal to An + B . Thus Cn is the linear section of X and
PH 0(C,An + B) ⊂ PH 0(X,L). For g = 1 or 2, we obtain the followings:
(i) Let C be an elliptic curve. By Corollary 4.1 and Theorem 3.6,
L satisfies property Np if and only if b + an  3 + p.
Note that Cn ↪→ PH 0(C,An + B) admits a (p + 3)-secant (p + 1)-plane.
(ii) Let C be a curve of genus 2. By the same way,
L satisfies property Np if and only if b + an  5 + p.
This seems to have been unknown even for the trivial case X = C×Pn, i.e., E =⊕n+1OC .
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In this subsection, we consider the case when E is a rank 2 vector bundle on C.
Proof of Theorem 1.4. By Corollary 3.5 we need to show that
deg(B) + (p + 1)µ−(MF ) + µ−
(
π∗
(∧tGa ⊗ Haj ))> 2g − 2
for 0 t  p + 1 and all j  1. Also Ga is a vector bundle of rank a and hence we only
consider the cases 0 t  a. Hence we can apply Lemma 3.2. Therefore
µ−
(
π∗
(∧tGa ⊗ Haj )) a(t + a)µ−(E) aµ−(E)
and we get the desired inequality as in the proof of Theorem 1.3. 
Corollary 4.2. Let L ∈ PicX be a line bundle in the numerical class aC0 + bf .
(1) When g = 1, L satisfies property Np if b + aµ−(E) > 2 + p.
(2) When g = 2, L satisfies property Np if b + aµ−(E) 5 + p.
(3) When g = 3 and 0 p  4, L satisfies property Np if b + aµ−(E) 7 + p.
(4) When g = 4 and 0 p  2, L satisfies property Np if b + aµ−(E) 9 + p.
(5) When g = 5 and 0 p  2, L satisfies property Np if b + aµ−(E) 11 + p.
(6) When g  2, L satisfies property Np if b + aµ−(E) 3g − 1 + p.
(7) When g  1, L is normally generated if b+ aµ−(E) 2g + 1 and normally presented
if b + aµ−(E) 2g + 2.
Proof. The results follow from the inequality of Theorem 1.4. For details, see the proof of
Corollary 4.1. 
4.3. Veronese surface fibrations
Let E is a rank 3 vector bundle. We use the following notations:
e = ∧3E and e = −deg(e),
Proof of Theorem 1.5. By Corollary 3.5 we need to show that
deg(B) + (p + 1)µ−(MF ) + µ−
(
π∗
(∧tG2 ⊗ H 2j ))> 2g − 2
for 0 t  p + 1 and all j  1. Since G2 is a vector bundle of rank 5 we only consider the
cases 0 t  5. Note that if
µ−
(
π∗
(∧tG2 ⊗ H 2j )) 2µ−(E),
then we get the desired inequality as in the proof of Theorems 1.3 and 1.4. Also if 2j  t ,
then we can apply Lemma 3.2. This holds for 0 t  2 and j  1. Therefore we concen-
trate on the cases 3 t  5.
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need to show that µ−(π∗(∧3G2 ⊗ H 2)) 2µ−(E). From the short exact sequence
0 → G2 → π∗S2E → H 2 → 0,
we get the short exact sequence
0 → ∧5G2 ⊗ H−2 ∼= ∧6π∗S2E ⊗ H−4 → ∧5π∗S2E ⊗ H−2 → ∧4G2 → 0
and hence
R1π∗
(∧4G2)∼= R2π∗(∧6π∗S2E ⊗ H−4)∼= E∨ ⊗ (∧3E)∨ ⊗ ∧6S2E
since R1π∗(∧5π∗S2E ⊗ H−2) = R2π∗(∧5π∗S2E ⊗ H−2) = 0. For details, see [10, Exer-
cise 3.8.4]. Also 0 → ∧4G2 → ∧4π∗S2E → ∧3G2 ⊗ H 2 → 0 induces
0 → π∗ ∧4 G2 → ∧4S2E → π∗
(∧3G2 ⊗ H 2)→ R1π∗ ∧4 G2 → R1π∗(∧4π∗S2E)= 0.
Let the image of ∧4S2E → π∗(∧3G2 ⊗ H 2) be H. Then from the diagram
0
0 π∗ ∧4 G2 ∧4S2E H 0
π∗(∧3G2 ⊗ H 2)
E∨ ⊗ (∧3E)∨ ⊗ ∧6S2E
0
we have
µ−
(
π∗
(∧3G2 ⊗ H 2))min{µ−(H),µ−(E∨ ⊗ (∧3E)∨ ⊗ ∧6S2E)}
min
{
8µ−(E),−µ+(E) + e + 12µ−(E)}
min
{
8µ−(E),−4µ+(E) + 12µ−(E)}.
Here we use the identities µ−(E∨) = −µ+(E) and e = −3µ(E)  −3µ+(E). Note that
without loss of generality we may assume that µ−(E) 0 and 5µ−(E) 2µ+(E). There-
fore, min{8µ−(E),−4µ+(E) + 12µ−(E)} 2µ−(E).
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the short exact sequence
0 → ∧5G2 ∼= ∧6π∗S2E ⊗ H−2 → ∧5π∗S2E → ∧4G2 ⊗ H 2 → 0,
R1π∗ ∧5 G2 = R2π∗ ∧5 G2 = 0 since L = 2H + π∗B . Thus we have
0 → π∗ ∧5 G2 → ∧5S2E → π∗
(∧4G2 ⊗ H 2)→ 0
and hence µ−(π∗(∧4G2 ⊗ H 2)) 10µ−(E) 2µ−(E).
Case 3. Assume that t = 5. Since ∧5G2 ∼= ∧6π∗S2E ⊗ H−2,
µ−
(
π∗
(∧5G2 ⊗ H 2j ))= µ−(π∗(∧6π∗S2E ⊗ H 2j−2))
 (10 + 2j)µ−(E) 2µ−(E)
which completes the proof. 
4.4. Arbitrary cases
In this subsection we consider arbitrary n  1, a  1 and 0  p  a − 1. Recall that
(Pn,OPn(a)) satisfies property Np for 0 p  a − 1.
Proof of Theorem 1.6. By Corollary 3.5 we need to show that
deg(B) + (p + 1)µ−(MF ) + µ−
(
π∗
(∧tGa ⊗ Haj ))> 2g − 2
for 0 t  p + 1 and all j  1. Also note that if
µ−
(
π∗
(∧tGa ⊗ Haj )) aµ−(E),
then we get the desired inequality as in the proof of Theorem 1.3. Since p  a − 1, we can
apply Lemma 3.2. Therefore we have
µ−
(
π∗
(∧tGa ⊗ Haj )) a(t + j)µ−(E) aµ−(E)
which completes the proof. 
Proof of Corollary 1.7. Let H =OPC(E)(1) and put Ai = aiH + π∗Bi where ai  1 and
Bi ∈ PicC. Then
KX + A1 + · · · + Aq =
(∑
ai − n
)
H + π∗
(∑
Bi + KC + ∧nE
)
.
Therefore
µ−(π∗L)
∑
µ−(π∗Ai) + 2g − 2 + n
(
µ(E) − µ−(E)).
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∑
ai − n q − n 1.
Also since µ−(E) = ν/τ , we have µ−(π∗Ai) = aiµ−(E) + deg(Bi) 1/τ . Thus if
µ−(π∗L) 2g − 2 + q
τ
> 3g − 1 + p,
then L satisfies property Np by Theorem 1.6. Clearly the second inequality is equivalent
to q > τ(g + 1 + p). 
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